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Abstract Observations from the International Satellite
Cloud Climatalogy Project (ISCCP) are used to demonstrate that the 19-level HadAM3 version of the United Kingdom Met Oﬃce Uniﬁed Model does not
simulate suﬃcient high cloud over land. By using lowaltitude winds, from the European Centre for Medium
Range Weather Forecasting (ECMWF) Re-Analysis
from 1979 to 1994 (ERA-15) to predict the areas of
maximum likelihood of orographic wave generation, it is
shown that much of the deﬁciency is likely to be due to
the lack of a representation of the orographic cirrus
generated by sub-grid scale orography. It is probable
that this is a problem in most GCMs.

1 Introduction
It has been known since at least the 1940s (e.g. Queney
1948) that there are two conditions, which can lead to
the formation of large orographic cirrus clouds. First,
over high mountains strong winds can generate very
large amplitude vertically propagating waves. The displacements in these waves can be large enough for ice
crystals of signiﬁcant size to grow in the rapid updrafts.
Such crystals can be advected by the wind for long distances before they evaporate (for example, Hewson
1993, identiﬁed orographic cirrus clouds forming oﬀ
Iceland and the Faeroe islands in otherwise clear air).
Second, some regions of the troposphere are regularly
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supersaturated with respect to ice but not with respect to
water (Jenson et al. 2001). Any ice which is created due
to ascent in an orographic wave will not evaporate when
the air returns to its original level (Quenet et al. 1960).
The ability of small hills to produce signiﬁcant cirrus
clouds by this method was ﬁrst identiﬁed by Ludlam
(1952). Here, several case studies were presented which
showed that ridges or hills in Britain of only about
300 m are able to vertically displace air in the upper
troposphere by up to 700 m to produce large cirrus
clouds. Similarly, Brown (1983) used observational research ﬂights to show that orographic cirrus generated
over Britain were caused by hydrostatic vertically
propagating gravity waves. Conover (1964) pioneered
the use of satellite imagery to study the size of orographic cirrus clouds and the nature of the waves that
create them.
Orographic clouds are generated by orography at a
wide-range of scales and thus take many forms. In this
paper, we concentrate on orographic cirrus. Cirrus
clouds in the upper troposphere play an important role
in a number of aspects of the climate system. They not
only have a direct radiative impact, but also inﬂuence
the distribution of water vapour in the upper troposphere (e.g. Stephens 2002) and the potential for chemical processing of atmospheric constituents. Cold cirrus
clouds are very eﬀective at trapping outgoing longwave
radiation and can also be strong reﬂectors of incoming
shortwave radiation. Which process dominates is highly
dependent on macrophysical properties such as the
optical thickness of the cloud, which itself depends on
microphysical properties such as the crystal size
(Stephens et al. 1990). This uncertainty has consequences for studies of climate change. All GCM simulations of climate change agree that in a warmed
atmosphere a more active hydrological cycle results in
more transport of water vapour into the upper troposphere (Sundqvist 2002). Yet, the predictions of changes
in cirrus amount, and whether there is a resulting positive or negative feedback on temperatures, vary widely.
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DelGenio (2002) recognised that one of the reasons
why cirrus clouds are such a large uncertainty in GCM
simulations is that the dynamic processes that create
cirrus are poorly resolved by current GCMs and are
diﬀerent in diﬀerent parts of the globe. For example,
scales smaller than the horizontal grid-box scale (typically of order one hundred to many hundreds of kilometres), are simply omitted. This missing subgrid
orography causes a large part of the atmospheric response to the orography to be absent in GCMs. The
dynamic eﬀects of this missing response are typically
addressed by the use of a gravity wave parameterisation
(e.g. Palmer et al. 1986), but, as discussed above, it is
obvious that the missing orography must also contribute
to the presence of cirrus above and in the lee of orography.
This paper sets out to demonstrate that not only is
at least one GCM (UK Met Oﬃce Uniﬁed Model,
HADAM3) deﬁcient in cirrus, but also that much of
that deﬁciency is due to the lack of orographic cloud.
This is done by predicting the areas where orographic
cirrus might be thought to be more climatologically
prevalent and comparing that to both observations and
areas of model deﬁciencies. The prediction is carried
out by assuming that climatological orographic cirrus
will be present where large amplitude hydrostatic
gravity waves would be commonly generated. As will
be seen, the visual correlation between the areas of
model deﬁciency and the prediction of large amplitude
waves is good.
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the sub-grid orography in the direction of the wind. The
1
height of the sub-grid orography is taken to be 2r2 where
r is the variance and is a function of the wind direction
(see the Appendix). This method achieves a balance
between the alignment of the orography and the height
at which a near surface (non boundary layer) streamline
is lifted over the orography.
2.1 Prediction results
Figure 1 is the climatological average of the component
of the wind vector, which is perpendicular to the ridge
alignment calculated from global six hourly ERA-15
winds. This indicates where ridges are aligned predominantly perpendicular to prevalent winds, and thus can
be considered potential areas for orographic cirrus to
form.
A number of mountain ranges and plateau edges are
highlighted. The strongest forcings are seen over the
Andes on the western edge of South America, and the
Coastal and Rocky Mountain Range stretching through
western Canada and the USA. Additional analysis has
shown that many of the strongest features correspond to
westerly winds. The ridge alignments predicted by this
scheme are also in good qualitative agreement with those
from the more complicated ridge-ﬁnding algorithm of
Bacmeister (1993).

3 Climatological cirrus seen in the ISCCP analyses
2 Predicting the location of orographic cirrus
There is a considerable history of the use of linear
hydrostatic gravity wave theory to explain the presence
of orographic clouds over large mountains (e.g Reid
1975, in an explanation of orographic clouds over the
mountain ranges of New Zealand) . Durran (1986)
showed that while orographic cirrus clouds generated by
small amplitude waves could be described by linear
theory, the formation of cloud can have a strong feedback into the vertical structure of the gravity wave. For
large amplitude waves, other nonlinear eﬀects become
important and dynamical processes such as hydraulic
jumps can occur.
To provide a simple estimate of where orographically
driven wave processes may be important in generating
cirrus, we use the orthogonality of the lower-level wind
and a measure of sub-grid scale ridge direction to
identify possible major gravity wave sources. The winds
used are a 10-year subset from 1984 to 1993 of the
15 year European Centre for Medium Range Weather
Forecasting (ECMWF) Re-Analysis project (ERA-15)
(ECMWF 1995).
The six hourly winds are interpolated onto a regular
2.5 by 2.5 grid, and a ‘‘lower-level’’ wind is deﬁned on
that grid by selecting winds from the pressure-level
closest to the mean orography (on that grid) plus half

The International Satellite Cloud Climatology Project
(ISCCP) (Rossow and Schiﬀer 1999; Rossow et al. 1996)
combines satellite-measured radiances in the visible and
infrared, from up to ﬁve geostationary and two polar

Fig. 1 Climatological average of the component of the wind vector
perpendicular to the dominant ridge orientation (ms1)
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orbiting satellites, with the TIROS Operational Vertical
Sounder (TOVS) temperature–humidity datasets. Publicly available ISCCP data extend from 1983 until 2001
and more recent data continues to be made available.
The International Satellite Cloud Climatology Project observations include a cloud amount, which represents the percentage cloud cover, an optical depth and a
cloud top pressure. From this information ISCCP is able
to classify clouds into categories such as cirrus or
cumulus. The deﬁnitions used by ISCCP can be seen in
Fig. 2. While the minimum optical depth is displayed as
zero, in practice the analysis is not sensitive enough to
detect clouds with optical depths of less than 0.1. The six
high and middle cloud types are also further subdivided
into liquid and ice, leading to a total of 15 diﬀerent
cloud type categories. At night, ISCCP provides only a
cloud amount and cloud top pressure.
The ISCCP algorithms used to derive cloud properties have undergone a number of modiﬁcations over
time, including improved cloud detection. In particular,
the ISCCP-D dataset, in comparison with the ISCCP-C
dataset, has a lower threshold for the detection of thin
cloud over orography and a more complicated model of
the ice microphysical properties. This is important because it has been recognised that ISCCP-C is relatively
poor at detecting thin upper tropospheric clouds. Jin
et al. (1996) compared ISCCP C1 data with high-resolution infrared sounder (HIRS) cloud amounts and
found that the HIRS dataset contained about 12% more
cloud cover than ISCCP due to its higher sensitivity to
thin cirrus. Liao et al. (1995) also found that, when
compared to cloud data derived from the stratospheric
aerosol and gas experiment (SAGE) II, ISCCP-C data
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misses about 1/3 of high level clouds, most of which is
very thin cirrus.
A number of studies have also been performed to
compare the ISCCP results to models (e.g. Haskins et al.
1995; Jakob 1999). With cirrus this is diﬃcult to do for
two reasons: ﬁrst, cirrus is deﬁned as a cloud type which
is optically thin, constituted of ice and with a top in the
upper troposphere. ISCCP observations represent
clouds as a single plane parallel layer in the atmosphere,
and thus multiple overlying cloud decks are classiﬁed in
height by only one of the layers. Thus, thin cirrus
overlying thicker low-level cloud (as often happens when
air is lifted over orography) could be erroneously classiﬁed as cirrostratus or deep convective. Second, the
model data should ideally be sampled in the same way as
the satellite observes the atmosphere (e.g. only during
the same local times as seen by the satellite).
Webb et al. (2001) have compared the ISCCP C data
with the Uniﬁed Model, ECMWF climate model and the
Laboratoire de Météorologie Dynamique (LMD)
atmospheric model. Their analysis focused on oceanic
regions that represented diﬀerent cloud regimes. Compared to ISCCP, they found too much high cloud over
the tropical warm pool in the Uniﬁed Model, but too
little over the midlatitude northern Paciﬁc.
Fowler and Randall (1999) in an examination of
upper-tropospheric clouds carried out a comparison of
ISCCP-D data with the Colorado State University
general circulation model. They found reasonable
agreement except for cirrus (s<3.6), which was dramatically underpredicted. They also found that the model
simulated upper tropospheric clouds in the tropics more
successfully than at midlatitudes. They hypothesised
that this was primarily caused by the model’s failure to
simulate upper tropospheric clouds over the continents,
especially over high plateaus and mountain ranges.
Weare (2004) compared the variability in ISCCP-D
cloud amounts and ice/water paths to ‘‘ISCCP-like’’
model results from the Atmospheric Model Intercomparison Project using monthly mean layer cloud
amounts. The models considered were found to capture
moderately well the variability observed in the ISCCP-D
data.
In the next section, we present an analysis of high
cloud in a 10-year ISCCP D2 dataset (1984–1993) on a
2.5 grid. To remain consistent with the ISCCP deﬁnitions (Fig. 2), we deﬁne high cloud as cloud above
440 hPa, and cirrus as that proportion of high cloud
with 0.1<s<3.6.
3.1 ISCCP orographic cirrus: results

Fig. 2 Cloud types as deﬁned by optical depth and cloud top
pressure for the ISCCP cloud dataset. From http://isccp.giss.nasa.gov/

Figure 3 is the climatological global cirrus cloud amount
(percentage of a grid box covered by cloud). There are
two key features: the 30–40% cloud cover seen over the
equatorial Indian and Eastern Paciﬁc Oceans, most of
which are likely to be from the detection of large anvils
created at the top of convective towers, and the increase
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Fig. 3 Global climatological ISCCP cirrus cloud amount (percentage of a grid box covered in cloud) for the years 1984–1993

in cirrus seen over much of the world’s orography, when
compared to the surrounding oceans. It is the latter
which is of interest here.
Over nearly all land areas, except for North Africa
and Antarctica, there is more cirrus over the land than
the adjacent ocean. Identiﬁcation of orographic cirrus is
diﬃcult in areas where cirrus might be generated by
convection or frontal lifting. However, by looking at the
ISCCP total high cloud (Fig. 4) as well as cirrus, it is
possible to gain further insight: optically thick convective towers will be detected in conjunction with anvil
cirrus. Additionally, there is an a priori expectation that

Fig. 4 Global climatological ISCCP total high cloud amount for
the years 1984–1993
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orographic cirrus should occur over and adjacent to the
areas identiﬁed earlier. Further, the Atlantic and Paciﬁc
storm tracks allow us to estimate that the midlatitude
frontal cirrus contribution will be of order 18%. Figure 4 is comparable to results presented in Weare (2004).
As noted by Rossow and schiﬀer (1999), cloud
detection errors are high at polar latitudes for the ISCCP dataset. This is because there is usually a snow
surface with a similar reﬂectivity to clouds, cold temperatures, no geostationary data, and low solar illuminations. Therefore, we do not attempt to interpret the
ISCCP results at high latitudes.
Of the major areas of cirrus above land, the two areas
of central South America and central Africa show cirrus
amounts of 30% and 40%, respectively. The most likely
source of this cirrus is convective anvils, as these are
equatorial and associated with areas of optically thick
cloud. By contrast, North America is another area of
cirrus where the large land mass might be expected to
contribute some convective activity. However, the largest component of high cloud in this region is cirrus and
there are considerable gravity wave sources (Fig. 1).
This is suggestive of both strong orographic and convective cirrus inﬂuences.
The lower latitudes of South America also show high
amounts of cirrus over both the orography and the
adjacent ocean. The strong gravity wave sources in the
ERA analysis suggest that a signiﬁcant proportion of
this cirrus could be orographic in origin. The oceanographic cirrus could potentially be caused by ice crystals
advected by the predominantly westerly winds.
Over the Himalayas, and Asia generally, it is diﬃcult
to attribute unambiguously the high levels of cirrus to
orographic processes. It seems likely that both orographic and convective processes may be happening. An
analysis of the seasonal changes has shown that the
monsoon plays a role in the high cloud amounts. In
addition, it is quite possible that high cirrus clouds in
this region form in association with low level cloud,
leading to the reclassiﬁcation of the cirrus as optically
thick. Small changes in cirrus over northern Asia and the
tip of South Africa are more easily linked to gravity
waves.
The results from extra-tropical Australia, where there
are cirrus amounts of 20–30%, do not ﬁt with the
source-analysis concept. Australia, much like northern
Africa, is primarily desert and has only small mountain
ranges, mostly in the east. Given that the high cloud in
this region is made up almost entirely of thin cirrus, and
has a summer maximum, it is likely that weak convection (or climatologically synoptic weak lifting) in a
moisture sparse environment is responsible for the cirrus.
While the maps provide a qualitative view of the
relationship between forcing and cirrus, a more quantitative view is also possible. Figure 5 shows the ISCCP
cirrus amount in (a), and the high cloud amount in (b) as
a function of the orographic forcing parameter. A best
ﬁt straight line is indicated, though there is no expecta-
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Fig. 5 a Climatological average
of the component of the wind
perpendicular to the dominant
ridge orientation plotted
against the ISCCP
climatological cirrus amount
from two 25 bands taken from
Northern and Southern
midlatitudes (65.5–32.5North
and 25–60South). b As for a
but for total high cloud
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a)

b)

tion that the data should necessarily ﬁt such a line. It is
simply used to emphasise that at midlatitudes, there is a
weak trend associating higher forcings with increased
amounts of cirrus and high cloud. The diﬀerence in the
strength of the relationship between forcing and cloud
amount for cirrus and high cloud is consistent with
downwind advection of cirrus. Transport of ice away
from mountains results in a decorrelation between
forcing and cirrus amount.
It is diﬃcult to interpret from Fig. 3, whether there
are any changes in cirrus for narrower midlatitude
mountain ranges of large to moderate forcing, such as
those of New Zealand and Scandinavia. New Zealand
has previously been identiﬁed as having a signiﬁcantly
greater amount of cirrus cover than the surrounding
ocean by Uddstrom et al. (2001) and as such is now used
as a case study for closer investigation. New Zealand’s
alignment perpendicular to prevalent north westerly
airﬂows ensures large scale gravity wave activity, while

its narrow high land mass located at midlatitudes
minimises any inﬂuences from convective activity. Thus
the interpretation of any increases in cirrus over orgography is much simpler when compared to larger land
masses.
The solid line in Fig. 6 is the climatological cirrus
amount for each month over a New Zealand land point.
The dashed line is for the adjacent sea point to the west
and the dash-dot line for the adjacent sea point to the
east. The vertical bars on the solid line indicate one
standard deviation either side of the mean. The standard
deviation is calculated from the 10 months used for each
data point.
In all months, there is a considerable increase in cirrus between the westward point and the land point, with
a maximum change of 12 (120% increase) seen in April
and a minimum of 4 (44% increase) seen in July. An
increase is also seen for the eastward point, which is
about half that of the land point in summer, and about
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Fig. 6 Monthly climatological
cirrus amount for a New
Zealand land point (solid line)
and the adjacent sea points to
the west (dashed line) and east
(dash-dot line) from the ISCCP
D data. Vertical bars on the
land data indicate one standard
deviation either side of the
mean

the same in winter. All three points tend to have slightly
higher cirrus amounts during the summer when compared to winter. An analysis of ERA15 has shown that
the winds are predominantly in the mean strong
westerlies in all months. As such, a simple conceptual
model to explain this cirrus trend is that ice forms rapidly in the upper troposphere over the New Zealand
mountains in large scale uplifting by gravity waves, before slower growth and eventual evaporation as the ice is
advected downwind. Additional investigations have
shown that the increase in cirrus regularly persists for up
to four gridboxes east of New Zealand (800 km).
In conclusion, both for large mountain ranges and
smaller narrower ranges there is considerable evidence
that gravity wave activity plays an important role in
creating cirrus over midlatitude land masses.

4 The unified model
The high cloud cover in a 10 year simulation of the
United Kingdom Met Oﬃce’s (UKMO) climate version
of the Uniﬁed Model will now be discussed. Known as
HadAM3 this model has a 2.5 by 3.75 resolution and
19 levels in the vertical. This conﬁguration is an atmosphere-only model and has prescribed sea surface temperatures. A full description of the model can be found
in Pope et al. (2000). The simulation included the 2B
mixed phase precipitation scheme with a prognostic ice
variable as described by Wilson and Ballard (1999). In
this conﬁguration ice is advected by the model’s tracer
advection scheme and allowed to grow and decay
through physical transfer equations. In theory, this
should allow for the creation and survival, at least
microphysically, of orographic cirrus clouds.
In order to compare the model simulations in a
consistent way with ISCCP data, special diagnostics
were incorporated into the Uniﬁed Model. This ‘‘ISCCP
simulator’’ is that used by Webb et al. (2001) and the
diagnostics attempt to mimic a satellite by observing the
cloud from the top of the model domain. Through the

impact on the radiances, the diagnostics calculate an
optical depth in association with a cloud amount. The
diagnostics are thus a part of the radiation code, rather
than the normal cloud subroutine, and only return values for the part of the Earth, which is illuminated by the
Sun. For this study, the lower optical depth threshold
for cirrus was set to 0.1, which is the published sensitivity threshold for ISCCP data over ocean.

5 Results
Figure 7a is the diﬀerence between the climatological
annual mean cirrus amount simulated by the model and
that observed by ISCCP. To calculate this diﬀerence, the
UM data has been interpolated onto the 2.5 by 2.5
ISCCP grid. To aid in considering the magnitude of
these changes, and for future reference, Fig. 7b is the
actual cirrus amount simulated in the control run.
Clearly, the diﬀerences are dominated by the lack
of cirrus (blue) over North America, the bottom half
of South America, the tip of southern Africa, central
Asia and Australia. In general, there is a lack of cirrus
of between 5% and 10% over most land and over
some ocean areas, particularly to the east of the continents. Even at this low resolution one New Zealand
gridbox can be seen to have too little cirrus. There is
an excess of about 5% cirrus amount, in the tropical
warm pool.
In a similar way, Fig. 7c, d presents the high cloud
diﬀerence and values. There is too much high cloud over
many of the world’s oceans, especially for the Southern
Ocean and the tropics. However, there is still not enough
cloud in many of the land areas in which cirrus was
missing. The magnitude of the deﬁciency in high cloud
implies that it is caused predominantly by a lack of
cirrus (cf. Fig. 7b). However, considering the model’s
predisposition to excess high cloud elsewhere, there is
probably a contribution from a lack of optically thick
cloud as well. The possibility of the model annual mean
relative humidity simply being deﬁcient at midlatitudes
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Fig. 7 a Diﬀerence in the 10-year climatological cirrus amounts for the Uniﬁed Model and ISCCP. b The Uniﬁed Model 10 year
climatological cirrus amount. c, d As for a and b but for total high cloud

has been rejected by comparison to the ERA-15 relative
humidities.
The excess in tropical high cloud seems to be associated with areas of strong convection. Analysis of the
model’s standard high cloud diagnostic, which is output
over the entire globe simultaneously, has indicated that,
compared with ISCCP data, the model is producing too
much convective cloud during daytime hours, but
compensates with too little at night. The anomalous
pattern of increased cirrus amount seen at 70S has been
identiﬁed in the D2 dataset previously by Norris (2000).
Model cirrus amounts for the same three gridboxes as
discussed in Fig. 6, are presented in Fig. 8. These are
lowest over the land point, about a third of the observed
cirrus over New Zealand. Cirrus is increased to the east
but remains well below the observed amounts. An increase is seen in high cloud over the land (not shown)
suggesting that the resolved dynamics and/or upwind
humidity proﬁles are only capable of producing optically
thick cloud over orography. For comparison, simula-

tions conducted using the 31 level version of the Uniﬁed
Model, which primarily gives increased resolution in the
upper troposphere, gave no improvement to the model
results presented here.

Fig. 8 Cirrus amounts as for Fig. 6 but from a 10-year Uniﬁed
Model integration
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6 Conclusion
A number of areas of potential gravity wave activity
have been identiﬁed using ERA-15 reanalysis winds and
a topographic dataset. These are areas in which orographic cirrus has the potential to form. However, there
are limits to the interpretation of these results. For instance, atmospheric stability has a profound eﬀect on
whether gravity waves are able to propagate vertically,
and the distribution of water vapour in the upper troposphere will have a strong impact on any subsequent
cloud formation. Thin cirrus clouds can be generated
from both small and large mountain ranges by weak
winds if the atmospheric humidity is high enough. Such
weak winds will not appear very prominently in this
analysis.
In general, the ISCCP analysis showed signiﬁcant
increases in cirrus over land compared to the oceans.
Many of the largest increases at midlatitudes showed a
good qualitative correlation with areas of gravity wave
forcing identiﬁed by the ERA analysis, which picked
out many of the Earth’s major mountain ranges. Over
and downwind of New Zealand, there was a signiﬁcant
increase in cirrus at all times of the year. Despite this,
the increases over New Zealand were not prominent in
the global comparisons, highlighting that at midlatitudes increases in orographic cirrus cover may be
widespread.
A 10-year Uniﬁed Model simulation was found to
dramatically underpredict cirrus (a deﬁciency of up to
25% cloud amount) over some midlatitude mountain
ranges and by a lesser amount (5–10% cloud amount)
over continents in general. While it was also found that
there was an excess of up to 25% total high cloud
amount over much of the world’s oceans , a deﬁciency in
high cloud remained over land, primarily due to the
missing cirrus component. This was despite the inclusion
of a prognostic ice variable capable of being advected by
the model winds. Analysis over New Zealand suggested
that the model does not currently produce extra cirrus
over the land, or signiﬁcantly in the lee.
Overall, these results suggest that the Uniﬁed Model
is lacking in cirrus over major mountain ranges, and we
assert that some part of this is due to the absence of
subgrid gravity waves. This fault is also likely to be
present in other climate models.
Papers such as Kaercher and Lohman (2002) have
already shown that cirrus nucleation can be parameterised in GCMs as a function of the vertical velocity. Our
work suggests that the large vertical velocities associated
with sub-grid orographic gravity waves must be included
in GCMs to better simulate midlatitude cirrus clouds.
Future work is focused on utilising GCM gravity wave
parameterisations to compensate for some of this discrepancy.
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7 Appendix
The average valley to peak height of subgrid orography
1
is taken to be about 2r2 ; where r is the variance of all the
subgrid orography about the gridbox mean height.
However, because orography preferentially aligns as
ridges, simply using a total variance would greatly
underestimate or overestimate the true surface wave
amplitude (depending on the surface wind direction). It
is more useful to construct a variance function, which
describes the amount of variance in any given wind
direction. The maximum in such a variance function
then represents the dominant subgrid ridge alignment.
In this paper, this is done using subgrid gradients calculated from the US Navy 10¢ topographical dataset and
a modiﬁcation of the spectrum function ideas used by
the Uniﬁed Model gravity wave scheme described in
Palmer et al. (1986). A full derivation follows.
Consider an isolated mountainous region within a
rectangle deﬁned by 0<x<X and 0<y<Y, with h(x, y)
the height of the orography minus the mean elevation.
h(x, y) is also set equal to zero at all points outside the
rectangle. Then the variance of the orography is simply
Z YZ X
ðhðx; yÞÞ2
r¼
dxdy
ð1Þ
XY
0
0
Using Parceval’s theorem, this becomes
Z Z
4p2 1 1 ^
r¼
jhðk; lÞj2 dkdl;
XY 1 1
which can be re-written as
Z 1Z 1
Sðk; lÞdkdl
r¼
1

ð2Þ

ð3Þ

1

where
Sðk; lÞ ¼

4p2 ^
jhðk; lÞj2
XY

ð4Þ

is a spectrum function of orographic height variance.
Finally, it is more useful to write the spectrum function
in terms of polar coordinates where k=jcosv and
l=jsinv so that
Z jU Z 2p
r¼
jSðj; vÞdjdv
ð5Þ
jL

0

Here, j has been restricted to the range of wave numbers
between an upper (jU) and a lower (jL) that are of relevance for the forcing of gravity waves.
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The Uniﬁed Model assumes that the spectrum can be
separated in azimuth and wavenumber and that the
wavenumber component of the spectrum function could
ﬁt a power law of the form
SðjÞ ¼ j0 jc

ð6Þ

where j0 is a constant coeﬃcient. The Uniﬁed Model
chooses, based on observations, to use c=1.5 and an
azimuth dependence to account for anisotropy. This
variance spectrum is deﬁned as
l1:5 

jSðj; vÞ ¼
a cos2 v þ 2b sinvcosv þ c sin2 v
ð7Þ
j
is a constant coeﬃcient and with b2<ac,
where l=j1.5
0
a>0 and c>0 to ensure positivity. The coeﬃcients a b
and c can be rewritten in terms of the squared gradients
of the topography, deﬁned as
Z X Z Y  2
1
@h
rxx ¼
dxdy
ð8Þ
XY 0 0 @x
Z X Z Y   
1
@h @h
dxdy
ð9Þ
rxy ¼
XY 0 0 @x
@y
ryy ¼

1
XY

Z

X
0

Z Y
0

@h
@y

2
dxdy

ð10Þ

From the deﬁnition of the Fourier transform and once
again Parceval’s theorem, it can be shown that for rxx
Z jU Z 2p
rxx ¼
j3 cos2 vSðj; vÞdjdv
ð11Þ
jL

0

Substituting for j S(j,v) and integrating leads to


p
1:5
rxx ¼ l1:5 j1:5
U  jL ð3a þ cÞ
6
Similar arguments lead to


p
1:5
rxy ¼ l1:5 j1:5
U  jL b
3

p 1:5  1:5
ryy ¼ l jU  j1:5
L ða þ 3cÞ
6

ð12Þ

ð13Þ
ð14Þ

Thus, combining Eqs. 12, 13 and 14, a, b and c can be
eliminated from Eq. 7 to give
jSðj; vÞ ¼

3A
4pj1:5 ðj1:5
U

 j1:5
L Þ

ð15Þ

where A is the anisotropy term




A ¼ 4cos2 v  1 rxx þ 4 sin2 v  1 ryy þ 8rxy sin v cos v
ð16Þ
This result can be used in Eq. 5, to express the variance
as
Z jU Z 2p
3A
r¼
djdv
ð17Þ
1:5 ðj1:5  j1:5 Þ
4pj
0
jL
U
L

Upon integrating with respect to j, the variance as a
function of v is found to be


3A j0:5
 j0:5
L
U


rðvÞ ¼
ð18Þ
1:5
2p j1:5
U  jL
The constant coeﬃcient part of Eq. 18 is


3 j0:5
 j0:5
L
U


C¼
1:5
2p j1:5
U  jL

ð19Þ

In line with the approach taken by the Uniﬁed Model,
this constant coeﬃcient is treated as tunable; however,
its value does not aﬀect the calculation of the direction
of maximum variance as used in this paper.
To show how the squared gradients, deﬁned in
Eqs. 8, 9 and 10 are calculated from heights, h(x, y), in
the 10¢ US Navy topographical dataset, an illustration is
useful:
o1

o2
1

o3

o


o4
2

o5

o


o6

o

o


o

o

In the above pattern, the points o are the 10¢ dataset
points and thus @h
dx at point •1 is given by simple ﬁnite
diﬀerencing as


@h 1
ðhðo2Þ  hðo1ÞÞ ðhðo4Þ  hðo3ÞÞ
¼ 
þ
ð20Þ
@x 2
Dx
Dx
@h
@y

is simply the north–south rather than the east–west
calculation. The orographic gradients are calculated at
all • points. The ﬁnal value for the model grid is then
simply the mean of all the values that lie within a model
grid box.
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